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[Separation problem]

Given disjoint sets A and B, find a simpler set C,
such that







[Separation propertyj

A class I' has separation property if any disjoint A, B € I" are separable by
some C' € A =TNco—T (where co—I'={X : X € T'}).
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[Examples ]

Any two disjoint co-recursively enumerable sets are separable by a recursive set.

Not so with r.e.-sets, in general.

Any two closed subsets of the Cantor discontinuum are separable by a clopen
set.

Not so with open sets, in general.

Lusin theorem. Any two disjoint analytic sets are separable by a Borel set.

Not so with co-analytic sets, in general.




Separation property for classical (e.g., topological) hierarchies is well understood.
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We study the problem for the Rabin—Mostowski index hierarchy of automata on

infinite words and trees.
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[BUchi automata on infinite words]

A = <27Q7QI7 TT7F>

where Tr C () X X X ), FC Q.

O e O
Q)_a>‘v@ (a+b)*a®

The second one cannot be recognized by a deterministic automaton.
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[Parity automata]

A = (3,Q,qr, Tr, rank)
where rank : () — w.

A run is accepting if lim sup;_ o rank(q; ) is even.
a
=1V
T * oW
0 1 (a+0b)*a
a

The Rabin-Mostowski index of a parity automaton A is
(min rank, max rank)

We can assume min rank € {0, 1}.

The McNaughton Theorem. A nondeterministic Bachi automaton can be
simulated by a deterministic parity automaton of some index (%, k).




The minimal index (73, k) may be arbitrarily high (Wagner 1979, Kaminski 1985).
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Proof (from The Book ? :-)

Let C' be a set of colours and X any subset of C'. An X -automaton
A= (3,Q,q1, Tr,rank : Q — C)

accepts aword u € X iff rank(u) € X.

If > = (' then there always exists a fixed point

r = rank(r).
Namely,
ro = rank(qr)
rn = rank (T’F(QI, To ... "“n—l)) :

Hence no X’ -automaton can recognize X.

In particular, no deterministic automaton of index (i, k) can recognize

{ue{i,...,k}* : limsupuyis odd }.

{— 00
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Separation property for deterministic automata on infinite words:

no (0,3) (1,4) yes
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In 3> /11 notation, separation property holds for II classes,
and fails for . classes.
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Notation:

3 = {0,1,2)
Ks = {u€3”:limsupuyiseven }
£— 00
Is = {ue3”:limsupuey =2}
f— o0

Key Lemma (for m = 3). There exist disjoint sets U1, Uy C (32)w of class 2.3,
satisfying the following:

K3XF3 C U1
K3xKs C U,
Kg X Kg C U1 U U2 = 13 X ]3.
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Proof of the resulit.

Key Lemma: K3 X Kg - Uy
K3 X Kg - Uo
K3 X Kg - Ui U Ug = I3 X Ig.

Let A and I3 be automata of class 113, s.t. L(A) N L(B) = (.
Then, for any u € >2¢,

weL(A) = rank™P(u) e Uy
we L(B) = rank™B(u) € Uy
rank>B(w) € Uy UUs.

Hence, A and B are separated by

(rawnkAXB)_1 (Uy).

15




u € L(A) — rank'AXB(u) e Uy

A X

we L(B) = a*B ) e U,

Suppose U; € X and Uy C X, for some X € Aj. Let

LA = X

Then

weX = rankPw) el CX
weX = rank™*P(u) e Uy CX

But the mapping
w — rank” B ()

has a fixed point, a contradiction !
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K3 X K3 c Uy
K3 X Ksg - Usp
K3 X Kg - Ui U Us =

Proof of the Key Lemma.

Let P53 be the standard automaton accepting K 5.

Uy Us

P2 xT Pt xT

(2,.) ( ‘) (.,2) (2,.) \( ; (.,2)

Tx Pt T x Py

I3 X I3.
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Separation property for alternating automata on infinite trees:

no (0, 3) (1,4) ?

<
no (1, 3) (0,2) ?
<

no (0,1) (1,2) yes

For (0, 1): Hummel, Michalewski, N., 2009. For (1, 2): Rabin 1970.
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In 33 /I notation

no
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[Parity tree automata on £-ary trees]

A = (3,0, qr, Tr, rank)

where Tr C Q x ¥ x Q°,

/ O\
rank : () — w.

The Rabin-Mostowski index of A is (min rank, max rank) .

We can assume min rank € {0, 1}.

20




[Example]

q,a q,b
OO N
da da dv dv

rank(qy) = 0

rank(qp) = 1

recognizes the set of trees where, on each branch, b appears only finitely often.
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[Parity games]

V3 positions of Eve

%% positions of Adam (disjoint)

— C V XV possible moves (with V' = V5 U W)
pr eV initial position

rank : () — w  the ranking function.

An infinite play vg—v1—vo— ... is won by Eve iff im sup,, , rank(vn) IS

even.

Parity games enjoy positional determinacy
(Emerson and Jutla 1991, Mostowski 1991).
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[Parity game — example]

32 ——dJd0<—-4d5

I\

VlI<—V4——"—>V3
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[Alternating parity tree automata on £-ary trees]
A = <Za Qa QE|7 QV7 qr, TT, rank>

where () = (3 QQV,
TrCQxXx{0,1,...,0—1,¢e} xQ,

rank : () — w.

An input tree t is accepted by A iff Eve has a winning strategy in the parity game

Q3 x{0,1,...,0—1}*,

Qv x{0,1,...,0—1}*,

(q1,¢€);

Mov = {((p,v), (¢, vd)):v € dom(t), (p,t(v),d,q) € Tr}
rank(q,v) = rank(q).
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The minimal index (i, k) may be arbitrarily high (Bradfield 1998).
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[Game tree Ianguagesj

Alphabet : {3,V} x {i,..., k}, withi € {0,1}.

Eve : 3,7 3,7
Adam : v, g v,
Eve wins an infinite play (g, jo), (¢1,71), (z2,42),... (xp € {3,V})

iff limsup,_, ., je is even.

The set consists of all trees such that Eve has a winning strategy.
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{Example J
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[From words to trees }

For L C C%, let

Win7 (L) = thesetoftreest: ¢* — {3,V} x C, such that
Eve has a strategy to force the play into L

Winy (L) = the similar for Adam.
The inseparable pair in the class X is provided by

Vi = Wini(Uy)
VQ = WZTLZ(UQ),

where Uy and U, are from the Key Lemma.
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Let A be an alternating automaton over alphabet 3> of index (i, k).
We assume that the full game tree is binary, with 3 and V alternating.
With atree t : £* — 3, we associate 7 (A, t) : 2* — {3, V} x {¢,..., Kk},
such that
te L(A) <— T(At) e W,.
If A in an dV-automaton, and 3 an V3-automaton, we define

AXBy = T(At)xT(B,1).

g
42 V1
N N
V1 V0 39 33

321

4//\\.

v1,2° V1,3 V0,2 V0,3
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Lemma. Let A and B be alternating tree automata of class 113, s.t.
L(A) N L(B) = (. Then, forany tree ¢ : £* — 3],

te L(A) = ¢g"B@t) eV,
te L(B) = ¢**B(t) e Vs.

Proof of the result.
If 3 = {3,V} x 3 x 3 then the mapping

N gAXB(t)

has a fixed point. Like before, this excludes separability of V1 and V5.
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Lemma. A and Bare IIg,and L(.A) N L(B) = 0. Then, Vt,

te L(A) =— ¢g™*Bu)ev,

te L(B) =— g**Bu) e v,.

Proof of the Lemma.

32 V1
NN RN
V1 v O 32 33
32,1
// \\

V1,2 vi,3 vo,2 vO0,3

Recall V1 = Wz’nf(Ul), and K3 x K3 C Uj.
To win on g** <5 (1), Eve forces the play into K3 x K3 .

To achieve this, she combines a strategy of Eve on T(A, t), and a strategy of
Adamon 7 (B,t). The argument for Adam is similar.
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| Conclusion |
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Separation property is an intriguing feature, which exhibits similar patterns in

various hierarchies.
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