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Monads

A monad in a category K is a triple:

⟨T : K → K, η : IdK → T, µ : T;T → T⟩

such that for each X ∈ |K|

• ηT(X);µX = idT(X ) = T(ηX);µX

T T;T T

T

-
T·η

�
η·T

?

µ

@
@

@
@
@R

idT

�
�

�
�

�	

idT

• µT(X);µX = T(µX);µX

T;T;T T;T

T;T T

-
T·µ

?

µ

?

µ·T

-
µ
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Trivial examples

• Identity monad

• Terminal monad

• Monads in partial orders: closure operators

• . . .
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Simple Examples

• Partiality monad:

Examples of monads in Set

− P(X) = X + {⊥}; ηPX : X → X + {⊥}
− ηPX(x) = x; µP

X : (X + {⊥}) + {⊥} → X + {⊥}
− µP

X(x) = x for x ∈ X, µP
X(x) = ⊥ for x ̸∈ X.

• Exceptions monad;

− E(X) = X + E; ηEX : X → X + E

− ηEX(x) = x; µE
X : (X + E) + E → X + E

− µE
X(x) = x for x ∈ X, µE

X(e) = e for e ∈ E.

• Nondeterminism monad:

− P(X) = 2X ; ηPX : X → 2X

− ηPX(x) = {x}; µP
X : 22

X → 2X

− µP
X(U) =

⋃
U for U ∈ 22

X

.
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Examples of monads in Set

− P(X) = X + {⊥}; ηPX : X → X + {⊥}
− ηPX(x) = x; µP

X : (X + {⊥}) + {⊥} → X + {⊥}
− µP

X(x) = x for x ∈ X, µP
X(x) = ⊥ for x ̸∈ X.

• Exceptions monad;

− E(X) = X + E; ηEX : X → X + E

− ηEX(x) = x; µE
X : (X + E) + E → X + E

− µE
X(x) = x for x ∈ X, µE

X(e) = e for e ∈ E.
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Typical examples

• List monad:

Examples of monads in Set

− L(X) = X∗; ηLX : X → X∗

− ηLX(x) = ⟨x⟩; µL
X : (X∗)∗ → X∗

− µL
X(⟨l1, . . . , ln⟩) = append(l1, . . . append(ln−1, ln) . . .).

• Term monad:

− TΣ(X) = TΣ(X); ηTΣ

X : X → TΣ(X)

− ηTΣ

X (x) = x; µTΣ

X : TΣ(TΣ(X)) → TΣ(X)

− µTΣ

X (t) = t[idTΣ (X )] for t ∈ TΣ(TΣ(X)).
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Difficult(?) examples

• Side-effects monad:

Examples of monads in Set

− S(X) = (X × S)S ; ηSX : X → (X × S)S

− ηSX(x)(s) = ⟨x, s⟩; µS
X : ((X × S)S × S)S → (X × S)S

− µS
X(f)(s) = g(s′) where f(s) = ⟨g, s′⟩, for f ∈ ((X × S)S × S)S .

• Continuation monad:

− K(X) = A(AX); ηKX : X → A(AX)

− ηKX(x)(k) = k(x); µK
X : A(A(A(AX ))) → A(AX)

− µK
X(f)(k) = f(λg ∈ A(AX).g(k)), for f ∈ A(A(A(AX ))).
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Instead of more examples

Adjunctions give rise to monads

Theorem: For any adjunction ⟨F,G, η, ε⟩ : K → K′,

F : K → K′

G : K′ → K

η : IdK → F;G

ε : G;F → IdK′

we have the monad:

⟨T : K → K, ηT : IdK → T, µT : T;T → T⟩

given by:

− T = F;G : K → K

− ηT = η : IdK → F;G

− µT = F·ε·G : F;(G;F);G → F;G

(i.e. µT
X = G(εF(X)) : G(F(G(F(X)))) → G(F(X)))
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Proof

unit laws:

T = F;G : K → K

ηT = η : IdK → T

µT = F·ε·G : T;T → T

• (G·η);(ε·G) = idG implies (F·(G·η));(F·ε·G) = idF;G

• (η·F);(F·ε) = idF implies ((η·F)·G);(F·ε·G) = idF;G

F;G F;G;F;G F;G

F;G

-
(F;G)·η

�
η·(F;G)

?

F·ε·G

HHH
HHHH

HHHHj

idF;G

���
���

���
���

idF;G

G(A′) G(F(G(A′)))

G(A′)

-

HH
HHH

HHj ?

ηG(A′)

idG(A′)
G(εA′)

F(G(F(A)))

F(A)

F(A)-

��
���

���*6

εF(A)

idF(A)
F(ηA)

Andrzej Tarlecki: Category Theory, 2025 - 154 -



Proof

unit laws:

T = F;G : K → K

ηT = η : IdK → T

µT = F·ε·G : T;T → T

• (G·η);(ε·G) = idG implies (F·(G·η));(F·ε·G) = idF;G

• (η·F);(F·ε) = idF implies ((η·F)·G);(F·ε·G) = idF;G

F;G F;G;F;G F;G

F;G

-
(F;G)·η

�
η·(F;G)

?

F·ε·G

HHH
HHHH

HHHHj

idF;G

���
���

���
���

idF;G

G(A′) G(F(G(A′)))

G(A′)

-

HH
HHH

HHj ?

ηG(A′)

idG(A′)
G(εA′)

F(G(F(A)))

F(A)

F(A)-

��
���

���*6

εF(A)

idF(A)
F(ηA)

Andrzej Tarlecki: Category Theory, 2025 - 154 -



Proof

unit laws:

T = F;G : K → K

ηT = η : IdK → T

µT = F·ε·G : T;T → T

• (G·η);(ε·G) = idG implies (F·(G·η));(F·ε·G) = idF;G

• (η·F);(F·ε) = idF implies ((η·F)·G);(F·ε·G) = idF;G

F;G F;G;F;G F;G

F;G

-
(F;G)·η

�
η·(F;G)

?

F·ε·G

HHH
HHHH

HHHHj

idF;G

���
���

���
���

idF;G

G(A′) G(F(G(A′)))

G(A′)

-

HH
HHH

HHj ?

ηG(A′)

idG(A′)
G(εA′)

F(G(F(A)))

F(A)

F(A)-

��
���

���*6

εF(A)

idF(A)
F(ηA)

Andrzej Tarlecki: Category Theory, 2025 - 154 -



Proof

unit laws:

T = F;G : K → K

ηT = η : IdK → T

µT = F·ε·G : T;T → T

• (G·η);(ε·G) = idG implies (F·(G·η));(F·ε·G) = idF;G

• (η·F);(F·ε) = idF implies ((η·F)·G);(F·ε·G) = idF;G

F;G F;G;F;G F;G

F;G

-
(F;G)·η

�
η·(F;G)

?

F·ε·G

HHH
HHHH

HHHHj

idF;G

���
���

���
���

idF;G

G(A′) G(F(G(A′)))

G(A′)

-

HH
HHH

HHj ?

ηG(A′)

idG(A′)
G(εA′)

F(G(F(A)))

F(A)

F(A)-

��
���

���*6

εF(A)

idF(A)
F(ηA)

Andrzej Tarlecki: Category Theory, 2025 - 154 -



Proof

unit laws:

T = F;G : K → K

ηT = η : IdK → T

µT = F·ε·G : T;T → T

• (G·η);(ε·G) = idG implies (F·(G·η));(F·ε·G) = idF;G

• (η·F);(F·ε) = idF implies ((η·F)·G);(F·ε·G) = idF;G

F;G F;G;F;G F;G

F;G

-
(F;G)·η

�
η·(F;G)

?

F·ε·G

HHH
HHHH

HHHHj

idF;G

���
���

���
���

idF;G

G(A′) G(F(G(A′)))

G(A′)

-

HH
HHH

HHj ?

ηG(A′)

idG(A′)
G(εA′)

F(G(F(A)))

F(A)

F(A)-

��
���

���*6

εF(A)

idF(A)
F(ηA)

Andrzej Tarlecki: Category Theory, 2025 - 154 -



Proof

unit laws:

T = F;G : K → K

ηT = η : IdK → T

µT = F·ε·G : T;T → T

• (G·η);(ε·G) = idG implies (F·(G·η));(F·ε·G) = idF;G

• (η·F);(F·ε) = idF implies ((η·F)·G);(F·ε·G) = idF;G

F;G F;G;F;G F;G

F;G

-
(F;G)·η

�
η·(F;G)

?

F·ε·G

HHH
HHHH

HHHHj

idF;G

���
���

���
���

idF;G

G(A′) G(F(G(A′)))

G(A′)

-

HH
HHH

HHj ?

ηG(A′)

idG(A′)
G(εA′)

F(G(F(A)))

F(A)

F(A)-

��
���

���*6

εF(A)

idF(A)
F(ηA)

Andrzej Tarlecki: Category Theory, 2025 - 154 -



Proof

unit laws:

T = F;G : K → K

ηT = η : IdK → T

µT = F·ε·G : T;T → T

• (G·η);(ε·G) = idG implies (F·(G·η));(F·ε·G) = idF;G

• (η·F);(F·ε) = idF implies ((η·F)·G);(F·ε·G) = idF;G

F;G F;G;F;G F;G

F;G

-
(F;G)·η

�
η·(F;G)

?

F·ε·G

HHH
HHHH

HHHHj

idF;G

���
���

���
���

idF;G

G(A′) G(F(G(A′)))

G(A′)

-

HH
HHH

HHj ?

ηG(A′)

idG(A′)
G(εA′)

F(G(F(A)))

F(A)

F(A)-

��
���

���*6

εF(A)

idF(A)
F(ηA)

Andrzej Tarlecki: Category Theory, 2025 - 154 -



Proof

unit laws:

T = F;G : K → K

ηT = η : IdK → T

µT = F·ε·G : T;T → T

• (G·η);(ε·G) = idG implies (F·(G·η));(F·ε·G) = idF;G

• (η·F);(F·ε) = idF implies ((η·F)·G);(F·ε·G) = idF;G

F;G F;G;F;G F;G

F;G

-
(F;G)·η

�
η·(F;G)

?

F·ε·G

HH
HHH

HHH
HHHj

idF;G

��
���

���
����

idF;G

G(A′) G(F(G(A′)))

G(A′)

-

HHH
HHHHj ?

ηG(A′)

idG(A′)
G(εA′)

F(G(F(A)))

F(A)

F(A)-

�
���

����*6

εF(A)

idF(A)
F(ηA)

Andrzej Tarlecki: Category Theory, 2025 - 154 -



Proof

unit laws:

T = F;G : K → K

ηT = η : IdK → T

µT = F·ε·G : T;T → T

• (G·η);(ε·G) = idG implies (F·(G·η));(F·ε·G) = idF;G

• (η·F);(F·ε) = idF implies ((η·F)·G);(F·ε·G) = idF;G

F;G F;G;F;G F;G

F;G

-
(F;G)·η

�
η·(F;G)

?

F·ε·G

HH
HHH

HHH
HHHj

idF;G

��
���

���
����

idF;G

G(A′) G(F(G(A′)))

G(A′)

-

HHH
HHHHj ?

ηG(A′)

idG(A′)
G(εA′)

F(G(F(A)))

F(A)

F(A)-

�
���

����*6

εF(A)

idF(A)
F(ηA)

Andrzej Tarlecki: Category Theory, 2025 - 154 -



Proof

unit laws:

T = F;G : K → K

ηT = η : IdK → T

µT = F·ε·G : T;T → T

• (G·η);(ε·G) = idG implies (F·(G·η));(F·ε·G) = idF;G

• (η·F);(F·ε) = idF implies ((η·F)·G);(F·ε·G) = idF;G

F;G F;G;F;G F;G

F;G

-
(F;G)·η

�
η·(F;G)

?

F·ε·G

HH
HHH

HHH
HHHj

idF;G

��
���

���
����

idF;G

G(A′) G(F(G(A′)))

G(A′)

-

HHH
HHHHj ?

ηG(A′)

idG(A′)
G(εA′)

F(G(F(A)))

F(A)

F(A)-

�
���

����*6

εF(A)

idF(A)
F(ηA)

Andrzej Tarlecki: Category Theory, 2025 - 154 -



Proof

unit laws:

T = F;G : K → K

ηT = η : IdK → T

µT = F·ε·G : T;T → T

• (G·η);(ε·G) = idG implies (F·(G·η));(F·ε·G) = idF;G

• (η·F);(F·ε) = idF implies ((η·F)·G);(F·ε·G) = idF;G

F;G F;G;F;G F;G

F;G

-
(F;G)·η

�
η·(F;G)

?

F·ε·G

HH
HHH

HHH
HHHj

idF;G

��
���

���
����

idF;G

G(A′) G(F(G(A′)))

G(A′)

-

HHH
HHHHj ?

ηG(A′)

idG(A′)
G(εA′)

F(G(F(A)))

F(A)

F(A)-

�
���

����*6

εF(A)

idF(A)
F(ηA)

Andrzej Tarlecki: Category Theory, 2025 - 154 -



Proof cntd.

associativity:

F;G;F;G;F;G F;G;F;G

F;G;F;G F;G

-
(F;G)·(F·ε·G)

?

F·ε·G

?

(F·ε·G)·(F;G)

-F·ε·G

T = F;G : K → K

ηT = η : IdK → T

µT = F·ε·G : T;T → T

Follows by the commutativity of the diagrams below:

G;F;G;F G;F

G;F IdK

-
G·(F·ε)

?

ε

?

(ε·G)·F

-ε

F(G(F(G(X ′)))) F(G(X ′))

F(G(X ′)) X ′

-
εF(G(X′))

?

εX′

?

F(G(εX′))

-εX′
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 �	Eilenberg-Moore ’65

Algebras

Given a monad ⟨T, η, µ⟩ in K:

Check this out for the term
monad
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Monadic adjunction

Let GT : Alg(T) → K be the obvious projection: GT(⟨A, a⟩) = A, . . .

For X ∈ |K|, FT(X) = ⟨T(X), µX : T(T(X)) → T(X)⟩ with unit

ηX : X → GT(FT(X)) is free over X w.r.t. GT:
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All monads arise from adjunctions

Given a monad ⟨T, η, µ⟩ in K we have an adjunction

⟨FT,GT, η, εT⟩ : K → Alg(T)

εT⟨A,a⟩ : F
T(GT(⟨A, a⟩)) → ⟨A, a⟩ is a : T(A) → A.

Theorem: ⟨T, η, µ⟩ is the monad associated with ⟨FT,GT, η, εT⟩.
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Theorem: Given an adjunction ⟨F,G, η, ε⟩ : K → K′,

let ⟨T = F;G, η, µT = F·ε·G⟩ be the monad it yields.

Let then ⟨FT,GT, η, εT⟩ : K → Alg(T) be the adjunction for T.

Then there is a unique comparison functor Φ: K′ → Alg(T) such that Φ;GT = G

and F;Φ = FT.

K

K′
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F ⊣

?

G

Alg(T)

�
�

�
���FT

⊣ �
�

�
�

��	

GT

-Φ

− Φ(A′) = ⟨G(A′),G(εA′) : G(F(G(A′))) → G(A′)⟩
− Φ(f : A′ → B′) = G(f) : ⟨G(A′),G(εA′)⟩ → ⟨G(B′),G(εB′)⟩
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�� ��Kleisli ’65 Free algebras

Given a monad ⟨T, η, µ⟩ in K:

The Kleisli category Kl(T) for T:

• objects: |Kl(T)| = |K|
K

Kl(T)

@
@
@

@@R

FT
⊣

@
@

@
@

@@I GT

K′

6

F ⊣

?

G

-Ψ Alg(T)

�
�

�
���FT

⊣ �
�

�
�

��	

GT

-Φ

• morphisms: f : X → Y in Kl(T) are morphisms f : X → T(Y ) in K

• composition: given f : X → Y , g : Y → Z in Kl(T),

f ;g : X → Z in Kl(K) is f ;T(g);µZ : X → T(Z) in K.

X T(Y ) T(T(Z)) T(Z)-f -T(g) -µZ

Again: there is an adjunction ⟨FT,GT, η, εT⟩ : K → Kl(T)
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• FT(X) = X for X ∈ |K|; FT(f) = f ;ηY for f : X → Y in K.

• GT(X) = T(X) for X ∈ |Kl(K)|, i.e. X ∈ |K|;
GT(f) = T(f);µY for f : X → Y in Kl(T), i.e. f : X → T(Y ) in K

• ηX = ηX : X → T(X)

X T(X)-
ηX

T(Y )

A
A
A
A
AU

f

T(T(Y ))

T(Y )

?

T(f)

?

µY

A
A
A
A
AAU

id
T
(Y

)

-
ηT(Y )

• Then for f : X → GT(Y ) = T(Y ), f# = f : FT(X) = X → Y in Kl(T)
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• morphisms: f : X → Y in Kl(T) are morphisms f : X → T(Y ) in K

• composition: given f : X → Y , g : Y → Z in Kl(T),

f ;g : X → Z in Kl(K) is f ;T(g);µZ : X → T(Z) in K.

X T(Y ) T(T(Z)) T(Z)-f -T(g) -µZ

Again: there is an adjunction ⟨FT,GT, η, εT⟩ : K → Kl(T)

• FT(X) = X for X ∈ |K|; FT(f) = f ;ηY for f : X → Y in K.

• GT(X) = T(X) for X ∈ |Kl(K)|, i.e. X ∈ |K|;
GT(f) = T(f);µY for f : X → Y in Kl(T), i.e. f : X → T(Y ) in K
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• Then for f : X → GT(Y ) = T(Y ), f# = f : FT(X) = X → Y in Kl(T)
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Again: there is an adjunction ⟨FT,GT, η, εT⟩ : K → Kl(T) which gives rise to the

monad ⟨T, η, µ⟩, and for any adjunction ⟨F,G, η, ε⟩ : K → K′ which also gives rise

to this monad, we have a comparison functor Ψ: Kl(T) → K′ such that Ψ;G = GT

and FT;Ψ = F. View Kl(T) as the image of FT in Alg(T)
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Triples

A triple in K:

⟨T, η, ( )∗⟩

where

• T : |K| → |K|,

• ηA : A → T (A) for all A ∈ |K|,

• f∗ : T (A) → T (B) for all f : A → T (B)

are such that

− η∗A = idT(A) for all A ∈ |K|

− ηA;f
∗ = f for all f : A → T (B)

− f∗;g∗ = (f ;g∗)∗ for all f : A → T (B), g : B → T (C) T
ri
pl
es

an
d
m
on
ad
s
ar
e
th
e
sa
m
e
co
nc
ep
ts
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Triples as monads, monads as triples

Given a monad ⟨T, η, µ⟩ in K, put:

• T (A) = T(A) for A ∈ |K|,

• ηA = ηA : A → T (A) for A ∈ |K|,

• f∗ = T(f);µA : T (A) → T (B) for

f : A → T (B).

This yields a triple ⟨T, η, ( )∗⟩.

Given a triple ⟨T, η, ( )∗⟩ in K, put:

• T(A) = T (A) for A ∈ |K|, and

T(f) = (f ;ηB)
∗ for f : A → B,

• ηA = ηA : A → T (A) for A ∈ |K|,

• µA = id∗
T (A) : T (T (A)) → T (A)

for A ∈ |K|,

This yields a monad ⟨T, η, µ⟩.“Triple” the monads given as examples

Andrzej Tarlecki: Category Theory, 2025 - 161 -



Triples as monads, monads as triples

Given a monad ⟨T, η, µ⟩ in K, put:

• T (A) = T(A) for A ∈ |K|,

• ηA = ηA : A → T (A) for A ∈ |K|,

• f∗ = T(f);µA : T (A) → T (B) for

f : A → T (B).

This yields a triple ⟨T, η, ( )∗⟩.

Given a triple ⟨T, η, ( )∗⟩ in K, put:

• T(A) = T (A) for A ∈ |K|, and

T(f) = (f ;ηB)
∗ for f : A → B,

• ηA = ηA : A → T (A) for A ∈ |K|,

• µA = id∗
T (A) : T (T (A)) → T (A)

for A ∈ |K|,

This yields a monad ⟨T, η, µ⟩.“Triple” the monads given as examples

Andrzej Tarlecki: Category Theory, 2025 - 161 -



Triples as monads, monads as triples

Given a monad ⟨T, η, µ⟩ in K, put:

• T (A) = T(A) for A ∈ |K|,

• ηA = ηA : A → T (A) for A ∈ |K|,

• f∗ = T(f);µA : T (A) → T (B) for

f : A → T (B).

This yields a triple ⟨T, η, ( )∗⟩.

Given a triple ⟨T, η, ( )∗⟩ in K, put:

• T(A) = T (A) for A ∈ |K|, and

T(f) = (f ;ηB)
∗ for f : A → B,

• ηA = ηA : A → T (A) for A ∈ |K|,

• µA = id∗
T (A) : T (T (A)) → T (A)

for A ∈ |K|,

This yields a monad ⟨T, η, µ⟩.“Triple” the monads given as examples

Andrzej Tarlecki: Category Theory, 2025 - 161 -



Triples as monads, monads as triples

Given a monad ⟨T, η, µ⟩ in K, put:

• T (A) = T(A) for A ∈ |K|,

• ηA = ηA : A → T (A) for A ∈ |K|,

• f∗ = T(f);µA : T (A) → T (B) for

f : A → T (B).

This yields a triple ⟨T, η, ( )∗⟩.

Given a triple ⟨T, η, ( )∗⟩ in K, put:

• T(A) = T (A) for A ∈ |K|, and

T(f) = (f ;ηB)
∗ for f : A → B,

• ηA = ηA : A → T (A) for A ∈ |K|,

• µA = id∗
T (A) : T (T (A)) → T (A)

for A ∈ |K|,

This yields a monad ⟨T, η, µ⟩.“Triple” the monads given as examples

Andrzej Tarlecki: Category Theory, 2025 - 161 -



Triples as monads, monads as triples

Given a monad ⟨T, η, µ⟩ in K, put:

• T (A) = T(A) for A ∈ |K|,

• ηA = ηA : A → T (A) for A ∈ |K|,

• f∗ = T(f);µA : T (A) → T (B) for

f : A → T (B).

This yields a triple ⟨T, η, ( )∗⟩.

Given a triple ⟨T, η, ( )∗⟩ in K, put:

• T(A) = T (A) for A ∈ |K|, and

T(f) = (f ;ηB)
∗ for f : A → B,

• ηA = ηA : A → T (A) for A ∈ |K|,

• µA = id∗
T (A) : T (T (A)) → T (A)

for A ∈ |K|,

This yields a monad ⟨T, η, µ⟩.“Triple” the monads given as examples

Andrzej Tarlecki: Category Theory, 2025 - 161 -



Triples as monads, monads as triples

Given a monad ⟨T, η, µ⟩ in K, put:

• T (A) = T(A) for A ∈ |K|,

• ηA = ηA : A → T (A) for A ∈ |K|,

• f∗ = T(f);µA : T (A) → T (B) for

f : A → T (B).

This yields a triple ⟨T, η, ( )∗⟩.

Given a triple ⟨T, η, ( )∗⟩ in K, put:

• T(A) = T (A) for A ∈ |K|, and

T(f) = (f ;ηB)
∗ for f : A → B,

• ηA = ηA : A → T (A) for A ∈ |K|,

• µA = id∗
T (A) : T (T (A)) → T (A)

for A ∈ |K|,

This yields a monad ⟨T, η, µ⟩.“Triple” the monads given as examples

Andrzej Tarlecki: Category Theory, 2025 - 161 -



Triples as monads, monads as triples

Given a monad ⟨T, η, µ⟩ in K, put:

• T (A) = T(A) for A ∈ |K|,

• ηA = ηA : A → T (A) for A ∈ |K|,

• f∗ = T(f);µA : T (A) → T (B) for

f : A → T (B).

This yields a triple ⟨T, η, ( )∗⟩.

Given a triple ⟨T, η, ( )∗⟩ in K, put:

• T(A) = T (A) for A ∈ |K|, and

T(f) = (f ;ηB)
∗ for f : A → B,

• ηA = ηA : A → T (A) for A ∈ |K|,

• µA = id∗
T (A) : T (T (A)) → T (A)

for A ∈ |K|,

This yields a monad ⟨T, η, µ⟩.“Triple” the monads given as examples

Andrzej Tarlecki: Category Theory, 2025 - 161 -



Triples as monads, monads as triples

Given a monad ⟨T, η, µ⟩ in K, put:

• T (A) = T(A) for A ∈ |K|,

• ηA = ηA : A → T (A) for A ∈ |K|,

• f∗ = T(f);µA : T (A) → T (B) for

f : A → T (B).

This yields a triple ⟨T, η, ( )∗⟩.

Given a triple ⟨T, η, ( )∗⟩ in K, put:

• T(A) = T (A) for A ∈ |K|, and

T(f) = (f ;ηB)
∗ for f : A → B,

• ηA = ηA : A → T (A) for A ∈ |K|,

• µA = id∗
T (A) : T (T (A)) → T (A)

for A ∈ |K|,

This yields a monad ⟨T, η, µ⟩.“Triple” the monads given as examples

Andrzej Tarlecki: Category Theory, 2025 - 161 -



Triples as monads, monads as triples

Given a monad ⟨T, η, µ⟩ in K, put:

• T (A) = T(A) for A ∈ |K|,

• ηA = ηA : A → T (A) for A ∈ |K|,

• f∗ = T(f);µA : T (A) → T (B) for

f : A → T (B).

This yields a triple ⟨T, η, ( )∗⟩.

Given a triple ⟨T, η, ( )∗⟩ in K, put:

• T(A) = T (A) for A ∈ |K|, and

T(f) = (f ;ηB)
∗ for f : A → B,

• ηA = ηA : A → T (A) for A ∈ |K|,

• µA = id∗
T (A) : T (T (A)) → T (A)

for A ∈ |K|,

This yields a monad ⟨T, η, µ⟩.“Triple” the monads given as examples

Andrzej Tarlecki: Category Theory, 2025 - 161 -



Triples as monads, monads as triples

Given a monad ⟨T, η, µ⟩ in K, put:

• T (A) = T(A) for A ∈ |K|,

• ηA = ηA : A → T (A) for A ∈ |K|,

• f∗ = T(f);µA : T (A) → T (B) for

f : A → T (B).

This yields a triple ⟨T, η, ( )∗⟩.

Given a triple ⟨T, η, ( )∗⟩ in K, put:

• T(A) = T (A) for A ∈ |K|, and

T(f) = (f ;ηB)
∗ for f : A → B,

• ηA = ηA : A → T (A) for A ∈ |K|,

• µA = id∗
T (A) : T (T (A)) → T (A)

for A ∈ |K|,

This yields a monad ⟨T, η, µ⟩.“Triple” the monads given as examples

Andrzej Tarlecki: Category Theory, 2025 - 161 -



Triples as monads, monads as triples

Given a monad ⟨T, η, µ⟩ in K, put:

• T (A) = T(A) for A ∈ |K|,

• ηA = ηA : A → T (A) for A ∈ |K|,

• f∗ = T(f);µA : T (A) → T (B) for

f : A → T (B).

This yields a triple ⟨T, η, ( )∗⟩.

Given a triple ⟨T, η, ( )∗⟩ in K, put:

• T(A) = T (A) for A ∈ |K|, and

T(f) = (f ;ηB)
∗ for f : A → B,

• ηA = ηA : A → T (A) for A ∈ |K|,

• µA = id∗
T (A) : T (T (A)) → T (A)

for A ∈ |K|,

This yields a monad ⟨T, η, µ⟩.“Triple” the monads given as examples

Andrzej Tarlecki: Category Theory, 2025 - 161 -



Triples as monads, monads as triples

Given a monad ⟨T, η, µ⟩ in K, put:

• T (A) = T(A) for A ∈ |K|,

• ηA = ηA : A → T (A) for A ∈ |K|,

• f∗ = T(f);µA : T (A) → T (B) for

f : A → T (B).

This yields a triple ⟨T, η, ( )∗⟩.

Given a triple ⟨T, η, ( )∗⟩ in K, put:

• T(A) = T (A) for A ∈ |K|, and

T(f) = (f ;ηB)
∗ for f : A → B,

• ηA = ηA : A → T (A) for A ∈ |K|,

• µA = id∗
T (A) : T (T (A)) → T (A)

for A ∈ |K|,

This yields a monad ⟨T, η, µ⟩.“Triple” the monads given as examples

Andrzej Tarlecki: Category Theory, 2025 - 161 -



Further monadic concepts

• Most importantly:

Functional programming with effects

Given a triple ⟨T, η, ( )∗⟩:
− return : α → Tα is ηα

− >>= : Tα → (α → Tβ) → Tβ is given by x >>= f = f∗(x)

− do-notation from >>= and λ-notation

• Strong (context-preserving) monads

• Monad composition and distributivity laws for monads

• Monad transformers

• . . .
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