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Reflexive cpo

F:D—[D—D], G:[D—D]—D, FoG=id.

Define application as a- b = F(a)(b) so that G(f) - a
Define interpretation as
> [xIv = v(x);

> [PRI = TP]. - [Qlv:
> |]:)\X.P]]V = G()}\Q.I[P]]V[XHQ]).

Theorem

A reflexive cpo is a lambda-model.

f(a).

W poprzednim odcinku: Reflexive cpo

The cpo D is reflexive iff there are continuous functions
F:D—[D— D] and G:[D — D] — D,
with Fo G = ld[DHD]

Then F must be onto and G is injective.

A reflexive cpo: Model P, = (P(N), C)

Notation P, = P(N).

Every set is a directed union of its finite subsets.

Lemma

A function f : P, — P, is continuous iff
f(a) = UJ{f(e) | e finite and e C a},

for allac P,.

Moral: A continuous function is fully determined
by its values on finite arguments.



Encodings in P, P, is reflexive

Pairs:
graph(f) ={(n,m) | m € f(e,)}:
(mﬂoz(n+mxz+m+i)+m’ fun(a)(x) ={m | 3n € N(e, C x A (n,m) € a)}.
Lemma: Functions graph and fun are continuous, and
Finite sets: eg = &, and fun o graph = idjp,_.p_}.
- _ k; Proof: fun(graph(f))(x) =
en = {koJa, o krak m"_égz' = {m | 3n € N(e, C x A (n,m) € graph(f))}
={m|3IneN(e, CxAmef(e))}={m|mef(x)}
Przyktady w P,, (¢wiczenie) P, is not a model of n-conversion
graph(f) ={(n,m) | m € f(en)};
> [1] = graph(id) = {(n,m) | m € e,}; fun(a)(x) ={m | 3n € N(e, C x A (n, m) € a)}.
> [K] = {(m, (k) | € em}; Every graph(f) is infinite: If (n, m) € graph(f) then also

k,m) € graph(f), for e, C ex. (Thus graph o fun # idp,.
> [w] = {(x,m) | 3n(en C ex A (n,m) € &)}; (k. m) () e #idz.)
Fact: P, is not a model of n-conversion: P, [~ x = \y.xy.

» [Q] =9 = 1. , . :
(€] In particular, P,, is not extensional.

Proof: Let v(x) = a# L, where a # o is finite. Then
o [x], = ais finite. But [Ay.xy], = graph(...) is infinite.



Theory of P, Trzy wtasnosci modeli denotacyjnych

» Poprawnosé: Jesli M =5 N, to [M] = [N].
Theorem (Hyland) » Adekwatnos¢: Jesli [M] = [N], to M = N.

P,EM=N <= BT(M)=BT(N) » Petna abstrakcyjnosé: Jesli M = N, to [M] = [N].

Uwaga: Adekwatnos¢, to ,staba petnos¢”, a petna
abstrakcyjnosé, to ,silna poprawnosc”.

Trzy wtasnosci modeli denotacyjnych Towards a fully abstract model

» Poprawnosé: Jesli M =5 N, to [M] = [N]. A projection of B onto A is a pair of continuous functions
» Adekwatnosé: Jesli [M] = [N], to M = N. p:A—=B and ¢:B—A
such that

» Petna abstrakcyjnosc¢: Jesli M = N, to [M] = [N]. Vop—idy and ot <id
— 1UA = B-

Uwaga: Model P, jest poprawny i adekwatny, Then o(L4) = Lg, because p(L4) < o(v(Lg)) < Ls.
ale nie jest w petni abstrakcyjny.



Example

Let D be any cpo. One can assume D = {1, T}. Functions
¢o:D—[D—D] i 4g:[D— D]— D,
given by
vo(d)(a) =d, oraz  4o(f) =f(L)

make a projection of [D — D] onto D.

Towards D4,

Take any fixed Dy, for instance Dy = {L, T}.

Define by induction D,.; = [D, — D,].

Define projections (¢p, 1,) of D,y1 onto D, by induction:
(@n+17 1/)n+1) = (@ﬁ:d):)-

Two-way transmission:

Dy 2% D, 2% Dy, 225 ...

DOJZ’_"Dl(w_lszp_z...

Raising a projection

Let (i, 1) be a projection of B onto A.
Then (p*,4*) is a projection of [B — B] onto [A — A]:

o (f)=¢ofory and Y*(g)=1vogoy,

A 4 B A—2 B
A |
| |

f : : g
| |
| Y

A ; B A~—7—B

Scott's D

Thread: a sequence (X,)nen, With x, € D, and x, = ¥,(x,11).
Y1 P2

o
Xp <« X «— Xp <— -~

Denote the set of all threads by D.,. Ordering:
x <y iff VneN(x,<y,).
Fact: The set D, is a cpo.

Proof: For directed X C D, take X, = {x, | x € X}.
Then (sup X,), is a thread and (sup X,), = sup X.



Scott's Dy,

Thread: a sequence (x,)en, With x, € D, and x, = 1,(x,41).

¥

o 1 2
Xp «— X «— Xp <— -~

Denote the set of all threads by D.,. Ordering:
x<y iff VYneN(x, <yp).

Convention:
DyC D, CD,C---C Dy,

Element x € D, identified with an almost constant thread.

Some properties

v

Every thread is mononotone: xg < x; < x < ...
and x = sup x,.

v

The bottom is unique: Lp, = 1p, = 1p_.

v

If x € D,yq then x -y = x(y,).
If also y € D,, then x -y = x(y).

v

If y € D, then (x - y)n = Xp11(y).
» Always (x - L)y = xo.

Proofs happily omitted.

Application

x -y = sup{x,41(yn) | n € N}

Fact: Application is a continuous function.

Proof: One shows continuity wrt both arguments.

N.B. The sequence x,1(y,) does not have to form a thread.
But it is monotone: x,(y,-1) < x,11(v»), and has a supremum.

Extensionality

Lemma

Ifx-z=y-z forall z, then x = y.

Proof.
One shows that
if Yz€Dy(x-z<y-z) then x,<y, foralln.
Induction. Begin with xo = (x - L)o < (y - L)o = yo.
Then x,11(2) = (x-2)a < (y - 2)n = Yns1(2), for z € D,. [



Scott's Dy, model Scott's Dy, model

Theorem
The cpo D, is reflexive. Corollary
: The cpo D, is an extensional lambda-model.
Proof. It is isomorphic to [Ds, — Dy
Define F : Dy, — [Ds — Doo] by F(x)(y) = x - y.
We know that F is continuous and injective. Twierdzenie (Hyland, VVadsworth)
Take any f € [Dy, — D). .
Define £ : D, — D, by f"(y) = f(y),, for y € D,. The mode{ D is adequatfz and fully .abstrac%'r
The sequence (" is monotone. Define G(f) = sup, fn) Terms M i N are observationally equivalent iff Doo |= M = N.
Then F(G(f)) = f. Details omitted. O
(@]
Scislej: Definicje
Twierdzenie (Hyland, Wadsworth) Napis B C B’ oznacza, ze B’ powstaje z B przez wstawienie

. . . jakich$ podd iejsca, w ktérych w B tepuje Q.
Nastepujace warunki sa réwnowazne: Jakichs poddrzew w migjsca, w ktorych w & wystepuje

1. Termy M i N sa obserwacyjnie réwnowazne.
2. BT(M) =, BT(N).
3. Do EM=N.

Relacja B <,, B’ zachodzi gdy istnieje (skonczony lub nie)
ciag eta-ekspansji

B:BOU<_BI n<—827]<—B377<—"'
Implikacja (1) = (2) to w istocie twierdzenie Bshma. zbiezny do B’. Zatem:

Udowodnimy (3) = (1) (adekwatnos¢) i (2) = (3).

~ / " / "
Stad wynika (1) = (3), czyli petna abstrakcyjnos¢. B~y B < B =y B" = B' dla pewnego B



Aproksymanty

Aproksymant to skonczone drzewo Béhma (term w postaci
normalnej), w ktérym moze wystepowac stata Q).

Przyjmujemy, ze [Q] = L

Zbiér aproksymantéw termu M:

A(M) = {A | A jest aproksymantem oraz A C M}

Twierdzenie o aproksymacji:
[M], = sup{[Al, | A € A(M)}.

Dowdéd: Kiedy indziej.

Adekwatnosé

Twierdzenie:

Jesli Do EM =N, to M = N.

Dowéd: Jesli [M], = [N], to takze [C[M]], = [C[N]],.

Jesli jedno jest rézne od L, to i drugie. Zatem jesli jedno
rozwigzalne to i drugie.

Tw. o aproksymacji: [M], = sup{[A], | A € A(M)}.

Whiosek: Term M jest rozwigzalny wtedy i tylko wtedy,
gdy [M], # L, dla pewnego p.

Dowéd: (=) Jesli M =5 Ax; .. X, yN, gdzie y wolne,
to [M], # L, dla p(y) = Aa.d, gdzie d # L.

Jesli M =5 X\x .. Xp. x:N, to nalezy uzy¢ N\a.d jako i-tego
argumentu.

(<) Wtedy z tw. o aproksymacji istnieje nietrywialny
aproksymant, czyli jest czotowa posta¢ normalna.

Lemat

Lemat: Niech T; =,, To. Wtedy:
o Jesli A € A(Ty), to istnieje takie B € A(T,), ze B —,, A.
e Jesli B € A(T,), to istnieje takie A € A(Ty), ze B —,, A.

Dowéd: W nieskonczonym ciagu eta-ekspansji od T; do T,
tylko skonczenie wiele krokéw dotyczy wierzchotkéw drzewa T,
ktére nalezg do aproksymanta A. Te eta-ekspansje
przeksztatcaja A w pewnego aproksymanta drzewa 7.

W przeciwnym kierunku analogicznie.



Whiosek Petna abstrakcyjnosc¢

Lemat: Niech Ty =, T. Wtedy: Twierdzenie: Jesli M = N, to [M] = [N]

e Jesli A € A(Ty), to istnieje takie B € A(T,), ze B —, A.
Dowéd: Skoro M = N, to BT(M) ~,, BT(N), czyli

o Jesli B € A(T,), to istnigje takie A € A(T1), ze B A.
(T2) J (T1) **’7 BT(M) =, T ,= BT(N).
Z poprzedniego lematu wynika [BT(M)], = [BT(N)],.
Whiosek: Ale [M], = [BT(M)], i [N], = [BT(N)], na mocy
Jesli przyjmiemy, ze [T], = sup{[A], | A € A(T)}, twierdzenia o aproksymacji.

toz Ty =, T, wynika [T:], = [T2],, dla kazdego p. Zatem takze [M], i [N], musza by¢ réwne.



